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In industrial polymerization processes, several grades of polymer are frequently pro-
duced in the same plant by changing the operating conditions. Transitions between the dif-
ferent grades are rather slow and result in the production of a considerable amount of off-
specification polymer. Grade transition improvement is viewed here as a dynamic optimiza-
tion problem, for which numerous approaches exist. Open-loop implementation of the input
profiles obtained from numerical optimization of a nominal process model is often insuffi-
cient, due to the presence of uncertainty in the form of model mismatch and process distur-
bances. A novel measurement-based approach that consists of tracking the necessary condi-
tions of optimality (NCO tracking) using a solution model and measurements is considered.
The solution model consists of state-event-triggered controllers sequenced according to the
structure of the nominal optimal solution computed offline. The solution model is generated
by expressing the input profiles in terms of arcs and switching times, which are then related
to the various parts of the NCO, that is, to the active constraints and sensitivities. These
arcs and switching times are then adapted online using appropriate measurements. The
application of NCO tracking to an industrial polymerization process for implementing opti-
mal grade transitions is investigated in simulation. The grade transition problem is fairly
complex due to a large-scale process model, many degrees of freedom, as well as path and
endpoint constraints. A solution model is generated from the nominal optimal solution, and
a control superstructure is considered to handle the possible activation of nominally-
inactive constraints. Simple PI-type controllers are used to implement the solution model.
For different uncertainty scenarios, simulation of the NCO-tracking approach shows that
considerable reduction in transition time is possible, while still guaranteeing feasible opera-
tion. � 2007 American Institute of Chemical Engineers AIChE J, 53: 627–639, 2007
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Introduction

The worldwide production of synthetic polymers exceeds
100 million tons per year with their many different grades
and prices. While on the one hand the product specifications
for high-value products become tighter and tighter, on the
other hand many of the specialty polymers are becoming
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commodities resulting in lower profit margins, thus, requiring
an efficient and cost-effective production. Furthermore, the
highly fluctuating demands of the global market call for very
flexible process operation with frequent changes in polymer
grade, production load and product quality. Thus, for the
polymer industries, the competitive edge will essentially
come from the technologies that excel in controlling the
polymer properties in a consistent way, while concurrently
and flexibly satisfying the market demand and improving the
economical performance. Besides the economical aspects, the
intrinsic characteristics of polymerization processes pose
challenging problems of operation, control and optimization.

Three distinct types of operational problems in the poly-
mer industry are usually encountered. The most common
problem is the quality control problem. The main task con-
sists of keeping the quality-relevant variables at their desired
setpoints, despite disturbances, in order to stay within the
bounds specified by the end-user properties. Disturbances can
either be general stochastic process disturbances, for exam-
ple, changing feed properties, or disturbances forced on the
process by the operational policy, for example, changes of
production load or product grades. The second problem,
referred to as the grade change problem, actually corre-
sponds to one of these disturbance scenarios. Most polymeri-
zation plants, even though being continuous plants, produce
several grades of polymer per production line. These grade
changes tend to become more and more frequent due to
tighter requirements imposed by market demands and supply
chain optimization. During the transition from one grade to
another, the plant in most cases produces a certain amount of
off-specification material. One major task for improving the
economics of the process is to determine optimal operational
trajectories that minimize the amount of off-specification
polymer (in many cases equivalent to the minimization of
the transition time). The third problem is the load change
problem, which can also be considered as disturbance rejec-
tion for quality control.

A large number of publications dealing with control and
optimization of polymerization processes can be found in the
literature (see for example, Embirucu et al. (1996), Congali-
dis and Richards (1998) for a general review). The quality
control problem is often considered and, in most cases,
model predictive control (MPC) technology is proposed for
ensuring the quality (for example, Ogunnaike (1994), Mutha
et al. (1997), Prasad et al. (2002), Na and Rhee (2002),
Young et al. (2002)). Despite the large number of recent
articles dealing with various aspects of polymerization reac-
tor control, most of these publications are from a relatively
small number of active academic groups. Furthermore, given
the highly competitive and proprietary nature of commercial
polymerization manufacturing technologies, it is not surpris-
ing that contributions from industrial practitioners are rather
limited (Congalidis and Richards, 1998). A small number of
industrial applications have been published, mainly regarding
polyolefine processes (for example, McAuley and MacGregor
(1991), Böhm et al. (1992), Kiparissides et al. (1997),
Dittmar and Martin (1997), Seki et al. (1994)).

Off-line dynamic optimization problems have been formu-
lated and solved for polymer grade transitions (for example,
McAuley and MacGregor (1992)). Even though offline opti-
mization may be routinely performed, concepts for its inte-

gration into operation are largely non-existent in industry.
Several reasons for this situation can be identified:

� For most industrial processes, the initial state at the be-
ginning of a transition is unknown due to lack of measure-
ments. The initial state needs to be inferred from measure-
ments using state estimation techniques, which would signifi-
cantly increase the complexity of the approach.

� The offline dynamic optimization is based on an uncer-
tain process model due to plant-model mismatch. It is typi-
cally not clear whether the model is sufficiently accurate to
apply a trajectory computed via offline optimization without
additional feedback via a quality controller.

� If the numerical optimization problem cannot be solved
on site during plant operation, a combinatorial problem
results. In this case, trajectories have to be precomputed for
all possible combinations of desired grades and initial condi-
tions, and stored in a database from where they can be
retrieved during plant operation to implement a desired grade
transition.

Any on-line strategy for implementation of an optimal
grade transition has to build on a sufficient number of reli-
able measurements. Although there has been significant
improvement in sensor technologies for polymerization pro-
cesses, the availability of reliable measurements, in particular
of polymer quality, is still a major challenge. Yet, the avail-
able measurements have not been fully exploited for optimal
operation of polymerization processes in daily production
using real-time optimization. For this goal, two measure-
ment-based approaches, shown in Figures 1 and 2, can be
considered:

1. Approach based on a process model. Here, the measure-
ments (y) are used to estimate on-line the current state (x̂),
and disturbances (d). The inputs (u) are updated by repeat-
edly solving an online optimization problem that utilizes a
dynamic model of the process. This approach is referred to
as single level dynamic real-time optimization (D-RTO)
(Kadam et al., 2002). Its structure is identical to nonlinear
model predictive control (NMPC) with output feedback
(Diehl et al., 2002). However, it relies on an economical
objective function rather than some set-point deviation metric.
It is shown in Figure 1. For large-scale industrial applica-
tions, the D-RTO problem is computationally expensive to
solve though significant progress has been made in recent
years (for example, Bock et al. (2000), Biegler et al. (2002),
Schlegel et al. (2005)), and will continue to be made in the
future. Due to the considerable computational requirements,

Figure 1. Single level D-RTO using a process model.
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large sampling intervals (Dt) are necessary for large-scale
problems, which may not be acceptable due to model or pro-
cess uncertainty. Furthermore, the failure of any on-line opti-
mization could affect process safety and performance. Due to
the complexity of D-RTO, its acceptance in industry is lim-
ited at this point in time. Though the situation will improve
in the future due to advances in optimization technology, and
the expected availability of commercial tools, alternative
approaches that do not require online numerical optimization
should be investigated.

2. Approach based on a solution model. This alternative,
which is conceptually different from the previous approach,
is shown in Figure 2. It employs measurements (y) to directly
update the inputs (u) using a parameterized solution model
that has been obtained from the offline numerical solution of
the dynamic optimization problem using a nominal model
(Srinivasan et al., 2003a). The approach is labelled NCO
tracking as it attempts to meet the necessary conditions of
optimality (NCO) for the dynamic optimization problem. The
details of the approach are presented in the Optimal Grade
Transition via NCO Tracking section.
The NCO-tracking approach is considered for application

to a large industrial polymerization process involving grade
transitions. The focus of this article is on demonstrating the
applicability of NCO tracking for a class of perturbations.

This article is organized as follows. In the Preliminaries
section, basic material regarding the general dynamic optimi-
zation problem and its solution is presented. The off-specifi-
cation NCO-tracking approach is also introduced in this sec-
tion. The industrial polymerization process is described in
the Industrial Polymerization Process section, while the
optimal grade change problem is formulated and solved for
the nominal case in the Grade Transition via Numerical
Optimization section. The proposed solution model and the
NCO-tracking results for different uncertainty realizations are
presented in the Optimal Grade Transition via NCO Tracking
section. Finally, concluding remarks are proposed in the
Conclusion.

Preliminaries

Problem formulation

We consider the following terminal-cost dynamic optimi-
zation problem

min
uðtÞ;tf

Fðxðtf Þ; tf Þ (P1)

s:t: ẋ ¼ f ðx; uÞ; xðt0Þ ¼ x0; (1)

0 � hðx; uÞ; (2)

0 � eðxðtf ÞÞ; (3)

where x(t) [ Rnx denotes the vector of state variables with
the initial conditions x0. The algebraic equations in the origi-
nal differential-algebraic process model are assumed to be
solved for the algebraic variables, which are then eliminated
in the differential equations to result in Eq. 1. The time-
dependent input variables u(t) [ Rnu and possibly the final
time are the decision variables for optimization. Furthermore,
there are path constraints h on the input and state variables
in Eq. 2, and endpoint constraints e on the state variables in
Eq. 3. Note that all functions involved in (P1) have to be
sufficiently smooth.

There exist numerous solution techniques for dynamic
optimization problems of the form (P1) (Binder et al. 2001).
In this work, we use the sequential or single-shooting ap-
proach, a direct method that solves the problem by transcrib-
ing it into a nonlinear programming problem (NLP) through
parameterization of the input variables u(t). For this purpose,
we employ the algorithm with efficient adaptation techniques
implemented in the software tool DyOS (Schlegel et al.,
2005; Schlegel and Marquardt, 2006a; Schlegel and
Marquardt, 2006b).

Necessary conditions of optimality

By using Pontryagin’s minimum principle (Bryson and
Ho, 1975), problem (P1) can be reformulated with the Ham-
iltonian function H(t) as

min
uðtÞ;tf

HðtÞ ¼ kTf ðx; uÞ þ lThðx; uÞ (P2)

s:t: ẋ ¼ f ðx; uÞ; xðt0Þ ¼ x0; (4)

l̇T ¼ � qH
qx

; lTðtf Þ ¼ qF
qx

þ mT
qe
qx

� �����
tf

(5)

0 ¼ lThðx; uÞ (6)

0 ¼ mTeðxðtf ÞÞ (7)

Here, k(t) = 0 denotes the adjoint variables, l(t) � 0 and m
� 0 the Lagrange multipliers for the path and endpoint con-
straints, respectively. The complementarity conditions, Eqs.
6–7 indicate that a Lagrange multiplier is positive if the cor-
responding constraint is active and zero otherwise.

An optimal solution of problem (P2) fulfills the necessary
conditions of optimality

qHðtÞ
qu

¼ 0 (8)

Figure 2. D-RTO via numerical optimization of a nomi-
nal model and NCO tracking.
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If a free final time is allowed, the additional transversality
condition

Hðtf Þ ¼ � qF
qt

����
tf

(9)

has to be satisfied as well. The necessary conditions can be
rewritten in the partitioned form of Table 1 by separating (i)
the conditions linked to the active constraints from those
related to sensitivities (first and second rows in Table 1), and
(ii) the conditions linked to path objectives from those related
to terminal objectives (first and second columns in Table 1).

NCO tracking using a solution model

NCO tracking adjusts the manipulated variables by means
of a decentralized control scheme in order to meet the neces-
sary conditions of optimality (NCO) for the real plant. This
way, nearly optimal operation can be implemented via feed-
back control without the need for solving a dynamic-optimi-
zation problem in real-time. The real challenge lies in the
fact that four different objectives (Table 1) are involved in
achieving optimality. These objectives are linked to active
constraints (Eqs. 6 and 7) and sensitivities (Eqs. 8 and 9).
Hence, it becomes important to appropriately parameterize
the inputs using both time functions and time-invariant
parameters, and assign them to the different objectives. The
result is a solution model, that is, a decentralized self-opti-
mizing control scheme, that relates the available decision
variables (seen as manipulated inputs) to the NCO (seen as
controlled outputs) given in Table 1.

The generation of a solution model includes two main
steps (Srinivasan and Bonvin, 2004)

� Input dissection. The input dissection step starts with
the numerical optimization of a nominal process model. The
resulting optimal solution is typically discontinuous and con-
sists of various arcs or intervals (Bryson and Ho, 1975; Srini-
vasan et al., 2003b). This information on the type of arcs is
obtained from the numerical solution of the optimization
problem (P1). Schlegel and Marquardt (2006b) have pro-
posed a method that automatically detects the control switch-
ing structure.

An important feature is the use of an input parameteriza-
tion that takes the active constraints into consideration. Some
of the arcs are parameterized using a piecewise-polynomial
approximation, while others (especially those characterized
by active path constraints) are left as infinite-dimensional
variables. Also, since the inputs are typically discontinuous,
it is helpful to treat the switching times as explicit decision
variables. Consequently, the decision variables u(t) and tf in
problem (P2) can be parameterized as

uðtÞ ¼ UðZðtÞ; tÞ (10)

where Z(t) are the time-varying control profiles that are left
as infinite-dimensional variables, and t the switching times.

� Linking the decision variables to the NCO. The next
step is to provide a link between the decision variables and
the NCO elements given in Table 1. The active path and ter-
minal constraints fix some of the time functions Z(t) and
switching times t, respectively. The remaining degrees of
freedom are used to meet the path and terminal sensitivities.
Though the pairing of decision variables and NCO is not
unique, it has been found recently that optimal pairing is not
critical in many applications (Srinivasan and Bonvin, 2006).
An important assumption here is that the set of active con-
straints is correctly determined and does not vary with uncer-
tainty. Fortunately, this restrictive assumption can often be
relaxed by considering a superstructure of the solution
model, which takes into account possible changes in the
nominally active constraints set, as will be illustrated in the
Grade Transition via Numerical Optimization section.

Once a solution model has been postulated, it provides the
basis for adapting the decision variables using appropriate
controllers and measurements of the NCO parts. However,
the solution model does not specify whether a controller is
implemented online or in a run-to-run fashion. Online imple-
mentation requires reliable online measurements or estima-
tion of the corresponding NCO parts. Often, measurements
of the constrained variables are available online. When
online measurements of certain NCO parts are not available
(for example, sensitivities and terminal constraints), a model-
based estimator can be used to predict them. Otherwise, a
run-to-run implementation that uses measurements at the end
of the run becomes necessary.

At this point, it is important to mention that there exists
no complete and systematic procedure for deriving a solution
model, Physical insight is necessary as it helps characterize
the optimal nominal solution, choose an appropriate pairing
of manipulated and controlled variables, and decide on the
feedback implementation type (online or run-to-run). Initial
experiences have been made with various processes that
include semibatch reactors for specialty chemicals (Srini-
vasan and Bonvin, 2006; Bonvin et al., 2006), polymerization
reactors (François et al., 2004; Bonvin et al., 2005; Chatzi-
doukas et al., 2005), bioreactors (Kadam et al., 2006), and
batch-distillation columns (Welz et al., 2006a; Welz et al.,
2006b).

Industrial Polymerization Process

An industrial polymerization process is considered as a
case study example. The problem has been introduced by
Bayer AG as a test case during the research project INCOOP
(http://www.lpt.rwth-aachen.de/Research/Completed/co_incoop.
php; Kadam et al. (2003)). For confidentiality reasons, we
sketch the process, leaving out most of the proprietary
details. Furthermore, process variables are consistently scaled
throughout the article.

Process description

The flow sheet of this large-scale continuous polymeriza-
tion process is shown in Figure 3. The exothermic polymer-
ization involving multiple reactions takes place in a continu-

Table 1. Separation of the NCO into Four Distinct Parts

Path Objectives Terminal Objectives

Constraints mT h ¼ 0 nT e ¼ 0

Sensitivities qH
qu ¼ 0 Hðtf Þ þ qF

qt

���
tf
¼ 0
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ously stirred-tank reactor (CSTR) equipped with an evapora-
tive cooling system. The reactor is operated at an open-loop
unstable operating point corresponding to a medium level of
conversion, which is stabilized by a temperature controller.
The reactor is followed by a separation unit for separating
the polymer from unreacted monomer and solvent. Unreacted
monomer and solvent go back to the reactor via a recycle
tank, while the polymer melt is sent to downstream process-
ing and blending units. The end-user properties can be
related to polymer viscosity and polymer content in the reac-
tor that are either directly measured or inferred from concen-
tration measurements.

Process model

A rigorous reactor model is available from previous stud-
ies at Bayer AG (Dünnebier et al., 2004; Dünnebier et al.,
2005). The reactor and recycle tank are modeled in detail,
while the separation unit and the condenser are simplified
significantly using process insight. This way the major dy-
namics of the process are captured while keeping the com-
plexity of the model at a reasonable level. The reactor is
modeled as a continuous stirred-tank reactor (CSTR), with
mass and energy balances and complex polymerization
kinetics for all components involved. The separator is mod-
eled as a static splitter. The condenser model is a grey box
model, comprising static mass balances combined with a sec-
ond-order linear dynamic model identified from process data.
The reaction kinetics result in open-loop unstable tempera-
ture dynamics at the nominal operating point. To prevent any
temperature disturbance causing either a quench down to the
low-temperature steady-state, corresponding to low-conver-
sion, or runaway up to the high-temperature steady-state cor-
responding to high-conversion, a feedback control scheme
for the reactor temperature is required. Therefore, a stabiliz-
ing PID-type controller for the reactor temperature is imple-
mented in the model. The reactor holdup is maintained using
a proportional controller that manipulates the reactor outlet
flowrate. The model is implemented in the dynamic simula-
tion software gPROMS (gPROMS, 2002). The dynamic pro-
cess model consists of 200 differential and 2,500 algebraic
equations. The model cannot be stated in this article for both
space and confidentiality reasons.

Measurements

As in most quality control problems, the availability of reli-
able measurements is crucial for successful implementation.

For a certain class of polymerization problems, the end-user
quality variables can be inferred from other measurements (for
example viscosity, concentrations) using a model. Therefore,
quality control often relies on some type of soft sensor. For
this process, the following measurements or model-based esti-
mates are considered to be available in this study:

� flow rates of recycle and fresh monomers, FM,R and FM,in,
� flow rate of reactor outlet FR,out,
� reactor temperature TR, and holdup VR,
� recycle tank holdup VRT,
� reactor solvent concentration Cs,
� reactor conversion m,
� polymer molecular weight MW.

Grade Transition via Numerical Optimization

Problem formulation

The task is to perform a change from polymer grade A of
molecular weight MW,A ¼ 0.727, and reactor conversion �mA
¼ 1.0 to grade B of molecular weight MW,B ¼ 1.0, and reac-
tor conversion �mB ¼ 1.0 in minimum time. During the transi-
tion, operational constraints are enforced on the state and
input variables as shown in Table 2. Additionally, there are
endpoint constraints on the reactor conversion m, and the
polymer molecular weight MW that are more strict than those
enforced during the transition.

Three input variables u are available: The flowrate of fresh
monomer FM,in, the flowrate of recycled monomer FM,R, and
the catalyst feed stream FC,in. In addition, the transition time
tf, which represents the objective function to be minimized,
is also a (scalar) decision variable. Note that the reactor
holdup is maintained at constant setpoint by adjusting the
reactor outlet flow rate. The dynamic optimization problem
is formulated mathematically as

FM;inðtÞ;FM;RðtÞ;FC;in ðtÞ; tf
min tf ;

ðPeÞ
s: t: DAE process model (11)

FL
R;out � FR;outðtÞ � FU

R;out (12)

VL
RT � VRTðtÞ � VU

RT (13)

mL � mðtÞ � mU (14)

ML
W � MWðtÞ � MU

W (15)

Figure 3. Simplified process flow sheet.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 2. Constrained Variables and Scaled Values of the
Corresponding Bounds

Lower Bounds Constrained Variables
Upper
Bounds

0 Reactor outlet flowrate FR,out 1
0 Recycle tank holdup VRT 1
0.875 Reactor conversion m 1.031
0.713 Polymer molecular weight MW 1.054
1 Reactor solvent concentration Cs 2
0.92 Reactor temperature TR 1.2
0.1 Fresh monomer flowrate FM,in 1
0 Recycled monomer flowrate FM,R 1
0 Fresh catalyst flowrate FC,in 1
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CL
s � CsðtÞ � CU

s (16)

TL
R � TRðtÞ � TU

R (17)

FL
M;in � FM;inðtÞ � FU

M;in (18)

FL
M;R � FM;RðtÞ � FU

M;R (19)

FL
C;in � FC;inðtÞ � FU

C;in (20)

MWðtf Þ � MW;B (21)

mðtf Þ � mB (22)

The superscripts L and U denote lower and upper bounds,
respectively. In the problem formulation, the transition time
tf is a decision variable. The model has been described in
more detail in the Process model section. Once the target
polymer grade B has been reached, the process is stabilized
at a steady state producing on-specification polymer for a
given production rate. This objective of production rate con-
trol is not considered in this article, but is discussed else-
where (Dünnebier et al., 2004).

Characterization of the nominal optimal solution

The optimal grade change problem Pe is solved numeri-
cally using the dynamic optimizer DyOS (DyOS, 2002) that
uses an adaptive shooting method which is detailed else-
where (Schlegel et al., 2005; Schlegel and Marquardt, 2006a;
Schlegel and Marquardt, 2006b). To find an accurate optimal
solution with an identifiable control structure, a wavelet-
based adaptive refinement method combined with an auto-
matic control-structure-detection algorithm is applied. Each
input profile is parameterized as a piecewise-constant or
piecewise-linear function on an adaptively refined discretiza-
tion grid. A detailed discussion of the computational statistics
for this problem can be found elsewhere (Schlegel and Mar-
quardt, 2006a; Schlegel and Marquardt, 2006b).

The optimal input profiles,1 the corresponding profiles of
the polymer quality variables and the state constraints are
shown in Figures 4–6. All three input variables reach their
bounds for a certain time period during the transition (Figure
4). In addition, the constraints on the reactor outlet flow rate,
and the recycle tank holdup are active for some time inter-
vals (Figure 6).

The dynamic optimizer not only calculates the optimal so-
lution, but also automatically detects the input structure by
characterizing the optimal input profiles and the active state
and endpoint constraints. For technical details on the algo-
rithm, the reader is referred to Schlegel and Marquardt
(2006b). The structure of each input is given in Table 3. The
arcs are separated by dotted lines in Figures 4–6, and
labelled by the tags used in Table 3. The interpretation of
the solution for each arc is as follows:

1. Arc 1: The flow rates of fresh monomer FM,in, and fresh
catalyst FC,in, are at their upper and lower bound, respectively,
while the flow rate of recycled monomer FM,R is adjusted to

keep the upper bound on the reactor outlet flow rate FR,out

active (state constraint) (see Figures 4 and 6). It can be
observed that FM,R moves towards its lower bound, reaching of
which defines the end of Arc 1 at t ¼ t1.

2. Arc 2: Since FM,R is constrained at its lower bound,
FM,in is now adjusted to keep FR,out at its upper-bound.
Furthermore, FC,in is still at its lower-bound. As the
recycled monomer is temporarily stored in the recycle
tank, its holdup VRT continuously increases and hits the
upper-bound, reaching of which defines the end of Arc 2 at
t ¼ t2 (Figure 6).

3. Arc 3: On Arc 3, FM,R is adjusted to keep VRT at its
upper bound. This results in an increase in the total mono-
mer flow rate to the reactor. To maintain the reactor holdup,
FM,in is simultaneously reduced to keep FR,out at its upper-
bound. At about the same time, FC,in moves away from its
lower bound, not to meet an active constraint, but to mini-

1 For confidentiality reasons, both axes in all the solution plots are scaled

to 1.

Figure 4. Optimal profiles of the input variables.

There are 5 arcs in which each input variable can be of the
type {umin, umax, ustate, usens} depending on whether the cor-
responding input is at its lower- or upper-bound, determined
by a state constraint, or adjusted to implement a compro-
mise that minimizes the objective function (sensitivity-seek-
ing arc).

Figure 5. Optimal profiles of the polymer quality varia-
bles.
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mize the objective function, that is, reduce the transition
time. Hence, in this interval, FC,in is a sensitivity-seeking
arc.

4. Arc 4: At some time t3, the catalyst flow rate FC,in is
switched to its lower-bound again. The other inputs FM,in and
FM,R continue to seek meeting the state constraints on FR,out

and VRT. This drop in FC,in is generated to slow down the
increase of molecular weight in preparation for meeting the tar-
get value MW,B of grade B at the final time tf.

5. Arc 5: At some later time t4, FM,in is switched to its
lower bound to increase the reactor-residence time, and,
thereby, the conversion m. As a result, the state constraint on
FR,out is no longer active. The constraint on VRT is kept
active by continuing to adjust FM,R. At about the same time
t4, FC,in is switched to its upper bound, resulting in a sharp
increase in conversion as shown in Figure 5. Both MW and m
reach their final value MW,B and �mB at the final time tf. The
switching times t3 and t4, and the final time tf are chosen
such that the two terminal constraints are met exactly at final
time, and the transition time is minimized.
Note that two different types of events happen at both t2

and t4. At t2, FM,R increases sharply to maintain the level of
the recycle tank at its upper-bound and FC,in increases to
improve the objective function. These two events are not
necessarily connected, but they happen to take place at about
the same time. Similarly at t4, FM,R is reduced sharply to
increase the reactor residence time and FC,in goes to its upper
bound to increase the conversion. Based on the very similar
numerical values that have been computed for the occurrence
of the two events around the time t2, it was decided to use
t2 to characterize the simultaneous beginning of both events.
The same consideration was done for the two events around
the time t4.

The characterization of the optimal solution provides a
very useful insight into the optimal grade transition. It must
be emphasized that this follows from the availability of a
process model, and the possibility to compute the corre-
sponding optimal solution and to automatically characterize
the types of arcs. In the absence of a nominal optimal solu-
tion, educated physical insight and knowledge regarding
good practice may allow this type of characterization. How-
ever, this is rarely the case in an industrial scenario, espe-
cially in the presence of uncertainty. The characterization of
the nominal optimal solution will be exploited next to move
the process towards optimality in the presence of uncertainty
using process measurements.

Optimal Grade Transition via NCO Tracking

Solution model

A solution model can be derived from the characterization
of the nominal optimal solution presented in the previous
section. The input structure is complex and involves five dis-
tinct time intervals. Some of the arcs contribute little to the
optimality of the solution, that is, to the reduction of transi-
tion time. It is important to realize that approximations can
be introduced at this point since the solution model is simply
a vehicle to enforce approximate optimality to the true plant.
Four such simplifications are introduced next:

1. In Arc 1, FR,out is maintained at its upper bound by
adjusting FM,R. At the end of this short arc, when FM,R reaches
its lower-bound, FM,in is adjusted for the same purpose. To
simplify the structure, Arc 1 is omitted, that is, FM,R is fixed at
its lower bound right from the beginning of the transition, and
FM,in is adjusted to keep FR,out at its upper-bound.

2. The optimal profile of FC,in consists of five successive
arcs: minimum, minimum, sensitivity, minimum and maxi-
mum. Arc 3 and 5 are there to feed fresh catalyst into the re-
actor. FC,in is approximated by two piecewise-constant inter-
vals of value FC,in

0 , starting at time t ¼ 0 and FC,in
t4 starting at

t ¼ t4.
3. Since, after the transition, the process will be controlled

at steady state for grade B, the inputs FM,in and FC,in in Arc
5 are fixed at the values (denoted by the superscript t4) cor-
responding to the desired subsequent target production rate.
Note that the inputs FM,in and FC,in correspond to the inlet
flow rates that determine the steady-state operating point.

4. For ensuring that MW moves continuously towards the
grade B specifications, it is helpful to enforce an additional
constraint on the slope of MW.

It has been verified via numerical optimization that these
approximations bearly increase the transition time, while still

Figure 6. Optimal profiles of the state constrained vari-
ables.

Table 3. Structure of the Optimal Grade Transition

Arc k
Interval
[tk�1, tk]

Input
FM,in(t)

Input
FM,R(t)

Input
FC,in(t) FR,out (t) VRT (t) MW (tf) m (tf)

1 [0, 0.09] max state min active

2 [0.09, 0.61] state min min active

3 [0.61, 0.85] state state sens active active
4 [0.85, 0.89] state state min active active
5 [0.89, 1.0] min state max active

tf ¼ 1.0 active active

In a given arc, an input can be on its bound (min or max), determined by a state constraint (state), or such as to minimize the objective function (sens). The rela-
tionships between the input variables and the active constraints FR,out

U and VRT
U are indicated in bold and italics, respectively.
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guaranteeing feasible operation. With these approximations, the
switching structure reduces to three intervals: Interval Ia (Arcs
1 and 2, 0 � t < t2), Interval Ib (Arcs 3 and 4, t2 � t < t4),
and Interval Ic (Arc 5, t4 � t < tf), with the corresponding
switching times t2, t4 and tf. The decision variables (degrees
of freedom) are now: FM,in[0, t4], FM,R[0, t2], FM,R[t2, tf],
FC,in

0 , t2, t4 and tf, for which optimality conditions need to be
established. Note that FM,in[t4, tf] and FC,in[t4, tf] are no longer
decision variables since they are fixed at the known values
FM,in

t4 and FC,in
t4 , respectively. The NCO corresponding to the

simplified problem are given in Table 4. It is clearly seen that,
with the approximations that have been introduced, there are
no sensitivity-seeking elements, that is, the optimal solution is
entirely determined by active constraints. Note that the point-
wise constraints involve elements that are active either during
the run or at run end.

Using the steps described in the NCO tracking using a so-
lution section, a solution model is derived by linking the de-
cision variables (the various intervals and switching times of
the inputs) to the NCO of the corresponding optimization
problem. The resulting solution model reads

FM;inðtÞ¼
KFR;out

ðFR;outðtÞ;FU
R;outÞ for 0�t<t4 ðIa;IbÞ

Ft4
M;in fort4� t<tf ðIcÞ

(
(23)

FM;RðtÞ¼
FL
M;R for 0� t<t2 ðIaÞ

KnRT ðVRTðtÞ;VU
RTÞ for t2� t<tf ðIb;IcÞ

(
(24)

FC;inðtÞ¼
F0
C;in for 0�t<t4 ðIa;IbÞ

Ft4
C;in fort4�t< tf ðIcÞ

(
(25)

VRTðt2Þ¼VU
RT defines t2 (26)

Mpred
W;B ðt4Þ¼W;B defines t4 (27)

mðtf Þ¼mB defines tf (28)

F0
C;in¼RF0

C;in
ðminð _MWðtÞÞ;sLÞ for 0�t<t4 (29)

Mpred
W;B ðtÞ¼gðMWðtÞ; _MWðtÞ;ðmðtÞ�mBÞÞ: (30)

K and R are online and run-to-run controllers, respectively,
that are used to implement the decentralized control structure
given by the solution model. t2, t4 and tf are defined by Eqs.
26–28 as the times t that meets the corresponding conditions.
The parameter sL is the minimum slope to be guaranteed for
_MW in the interval [0, T4). MW,B

pred(t) is the value of MW(tf)
that is predicted at time t.

The different parts of the adjustable inputs are discussed
next:

� Parts determined by path constraints
Fixed parts. FM,R is fixed at its lower bound FM,R

L in Inter-

val Ia. In Interval Ic, the inlet flow rates FM,in and FC,in are

fixed at values corresponding to the steady-state target pro-

duction rate, that is, FM,in
t4 and FC,in

t4 , respectively. The steady-

state values of the inputs are calculated by performing a steady-

state simulation at the target production rate for grade B.

Adjustable parts. Only the constraints on FR,out and VRT

are active during some of the intervals. In Intervals Ia and Ib,
FR,out
U is kept active by adjusting FM,in using the controller

KFR;out and, in Intervals Ib and Ic, VRT
U is kept active by

adjusting FM,R using the controller KVRT
. Depending on the

nature of the control problem, PID-type or model-based con-

trollers can be implemented (see implementation details in

the Appendix).

� Parts determined by pointwise constraints
During the run. The parameter t2 is determined implicitly

upon reaching the constraint VRT
U . Furthermore, in Intervals

Ia and Ib, FC,in(t) ¼ FC,in
0 . The value FC,in

0 is adapted on a
run-to-run basis such that the minimum slope of MW(t)
reaches the constraint sL. The value sL ¼ 0.1 was deter-
mined by trial and error so as to easily reach the target
�MW,B at the end of the transition (see implementation details
in the Appendix).

At run end. According to the optimality conditions, both
endpoint constraints MW(tf) ¼ �MW,B and m(tf) ¼ �mB are
active at tf. For implementation purposes, the switching
time t4 is linked to �MW,B and tf to �MB. The determination
of t4 requires a prediction, at time t, of the value of MW(tf)
as given by the formal model (Eq. 30). Then, t4 is the first
value of t for which MW,B

pred(t) ¼ �MW,B (see implementation
details in the Appendix).

Superstructure solution model

The state constraints on reactor conversion m(t), solvent
concentration Cs(t) and reactor temperature TR(t) are not

Table 4. NCO for the simplified grade transition problem

Path Objectives
Pointwise
Objectives

Constraints FR,out[0, t4] ¼ FR,out
U VRT(t2) ¼ VRT

U

FM,R[0, t2] ¼ FM,R
L MW(tf) ¼ �MW,B

VRT[t2, tf] ¼ VRT
U m(tf) ¼ mB

min[MW(0, t4)] ¼ sL

Sensitivities - -

active during the transition under nominal conditions. How-
ever, in the presence of uncertainty related to the initial con-
ditions, state constraints on both reactor conversion and sol-
vent concentration might become active. Hence, all con-
strained quantities are monitored for possible activation. This
scenario can be addressed by extending the solution model
as follows

FM;inðtÞ

¼
KFR;out

ðFR;outðtÞ;Fdes
R;outðtÞÞ for 0�t,t4 ðIa;IbÞ

Ft4
M;in for t4� t,tf ðIcÞ

(
(31)

FM;RðtÞ

¼
FL
M;R for 0 � t , t2 ðIaÞ

KVRT
ðVRTðtÞ;VU

RTÞ for tVRT
� t , tCs

ðIb; IcÞ
KCs

ðCsðtÞ;CL
s Þ for tCs

� t , tVRT
ðIb; IcÞ

8>><
>>:

(32)

FC;inðtÞ

¼
F0
C;in for 0 � t , t4 ðIa; IbÞ

Ft4
C;in for t4 � t , tf ðIcÞ

(
(33)
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mðtmÞ ¼ mL defines tm ð34Þ

VRTðtVRT
Þ ¼ VU

RT defines tVRT
ð35Þ

CsðtCs
Þ ¼ CL

s defines tCs
ð36Þ

t2 ¼ minðtVRT ; tCs
Þ defines t2 ð37Þ

Mpred
W;B ðt4Þ ¼ MW;B defines t4 ð38Þ

mðtf Þ ¼ mB defines tf ð39Þ

Fdes
R;outðtÞ ¼

FU
R;out for 0 � t , tm

KmðmðtÞ; mLÞ for tm � t , t4

(
ð40Þ

F0
C;in ¼ RF0

C;in
ðminð _MWðtÞÞ; sLÞ for 0 � t , t4 (41)

Mpred
W;B ðtÞ ¼ gðMWðtÞ; _MWðtÞ; ðmðtÞ � mBÞÞ: (42)

This superstructure solution model adds the following ele-
ments to the solution model Eqs. 23–30 derived from the
nominal optimal solution:

� Constraints on m. In Intervals Ia and Ib, the input FM,in

is adjusted to meet the desired value FR,out
des that does not

allow the reactor conversion m to drop below the lower limit

mL (cf. Eq. 40). Km is an on-line controller that adjusts

FR,out
des to keep m at its lower-bound mL. The activation time of

the constraint on m is denoted by tm (cf. Eq. 34). Note that if

tm � t4, the constraint on m does not become active.
� Constraints on Cs. In Intervals Ib and Ic, FM,R is linked

to the constraint on solvent concentration Cs
L in addition to

that on recycle tank holdup VRT
U (cf. Eq. 32). Only one of the

constraints (and corresponding controllers) is active at the
same time, that is, the more restrictive of the two. The
switching time t2 is determined implicitly upon reaching the
constraint on either VRT or Cs (cf. Eq. 37). The activation
times of the constraints on VRT and Cs are denoted by tVRT

and tCs
, respectively (cf. Eqs. 35 and 36). Note that if t2

� t4, the constraints on VRT and Cs do not become active.
Reliable on-line measurements or estimates of the con-

strained variables (FR,out, VRT, MW, ṀW, m, Cs) are necessary
for implementing the NCO-tracking strategy using the super-
structure solution model. Obviously, the required estimators
add to the complexity of the NCO-tracking solution. How-
ever, estimation of unmeasured process quantities is also nec-
essary for almost any alternative model-based control ap-
proach. The input-output links in the solution model are
implemented using the feedback controllers K and R, in this
study PI-type controllers, with the nominal optimal input pro-
files used as feedforward signals. Advanced controllers could
also be used for improved tracking performance (Dünnebier
et al., 2004).

In the designed control superstructure, depending upon the
state of the process, one controller overrides the other. In the
process control terminology, this type of control structure is
referred to as overriding or signal-select controller (Luyben
and Luyben, 1997). The process with the proposed control
superstructure is shown in Figure 7. State-event-based trig-
gers are used for implementing the superstructure decisions.
The logic behind the triggers is presented as a flowsheet in
Figure 8 in which, for the sake of simplicity, the time de-

pendence of the variables is omitted. The logic needs to be
simultaneously re-evaluated at each sampling interval Dt.

NCO-tracking results

This polymerization process has inherent operational un-
certainty. As part of this investigation, a considerable amount
of uncertainty in the form of different initial conditions is
considered. On the other hand, measurement noise is not
considered. This section compares the optimal solutions
obtained via NCO tracking for various cases, and then evalu-
ates the performance of the NCO-tracking scheme.

Nominal and perturbed cases

The NCO-tracking superstructure for optimal grade transi-
tion is tested using the simulated plant model for two differ-
ent cases:

1. Nominal case. The input profiles are adjusted using
measurements according to the model Eqs. 23–30 or, equiva-
lently, model Eqs. 31–42, since there is no change in the set of
active constraints. The NCO-tracking profiles are depicted by
solid lines in Figures 9–11. The profiles of the inputs and con-
strained variables are very similar to those computed numeri-
cally using the nominal model (see Figures 4–6). The approxi-
mations introduced as part of the NCO-tracking strategy
increase the transition time by only 0.8%.

2. Perturbed case. The NCO-tracking superstructure is
used for grade transition with different initial conditions that
result from a different-than-nominal solvent concentration.
As much as 20% change in solvent concentration is ex-
pected. The input and constrained variable profiles are
depicted by dash-dotted lines in Figures 9–11. The optimal
profiles for the perturbed case (þ20% change in solvent con-
centration) differ significantly from those for the nominal
case. Also, the transition time tf is considerably larger. The
nominally inactive path constraint on m becomes active
(Figure 10b) in this case. When this constraint becomes
active, the reactor outlet flowrate is adjusted to keep m close
to its lower bound mL as shown in Figure 11a. As a simple
PID controller tuned for the nominal case is used, tight con-
trol of m at the constraint is not possible, which results in an

Figure 7. Process with the on-line NCO-tracking con-
trollers and the triggers.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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offset. Furthermore, the slope of the MW-profile decreases
significantly in Interval Ic, while m increases linearly. This
fact, together with measurements of MW, _MW and m or esti-
mates, thereof, are used by the empirical model (Eq. 42) to
predict MW(tf). Adaptation of t4 is crucial for meeting the
terminal constraints on MW and m.
Also, note that open-loop application of the nominal solu-

tion to the perturbed case is infeasible, which illustrates the
need to use online optimization.

Performance of NCO-tracking scheme

In Table 5, the performance of the NCO-tracking scheme is
compared to a robust solution, and to numerical optimization
assuming perfect knowledge of the perturbation. The robust so-
lution, which corresponds to common industrial practice, repre-
sents a single strategy that is computed off-line and needs to
be feasible for both the nominal and perturbed cases. Hence, it
is clearly less performant than the nominal optimal solution (tf
� 5). The NCO-tracking approach is computed using the

decentralized control structure presented in this work. Finally,
the ideal solution corresponds to the best possible solution that
is computed numerically using full knowledge of the perturba-
tion. Table 5 shows that, due the large perturbation, the robust
solution is rather poor. In contrast, NCO tracking comes very
close to the ideal solution, and this without knowledge of the
perturbation but at the expense of on-line measurements and
(possibly) state estimation.

These simulation results have demonstrated that a decen-
tralized control strategy using a solution model and measure-
ments can implement a complex grade transition nearly opti-
mally. At this stage, it must be re-emphasized that the gener-
ation of the solution model, as well as its superstructure
requires the optimal solution for the nominal case and addi-
tional process insights. Furthermore, stability and integrity of
the decentralized control system cannot be guaranteed by the
current state of our research. However, the expected eco-
nomic benefits in terms of transition time reduction, and thus
the amount of off-specification material, is quite significant
compared to the conventional approach practiced in the plant.

Figure 8. Logic for the solution model and the trigger mechanism.
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For limited grade transition scenarios, nominal optimal solu-
tions can be calculated offline and NCO tracking imple-
mented online. Hence, the problem of process model mainte-
nance is simplified to a certain extent.

Conclusion

This article has addressed the applicability of the NCO-
tracking approach proposed by Srinivasan et al. (2003a) to a
complex simulated industrial polymerization process. The
NCO are tracked using a decentralized overriding control
structure expressed in the form of a solution model. As long
as the uncertainty (model mismatch and perturbations) does
not change the structure of the optimal solution, that is, the
type and sequence of arcs, NCO-tracking allows implement-
ing feasible and near-optimal operation, even in the presence
of uncertainty. The solution model consists of state-event-
triggered controllers sequenced according to the structure of
the optimal solution.

The optimal profiles of three input variables exhibit a com-
plex structure involving several active path and terminal con-

straints. The off-line computed optimal solution shows signif-
icant reduction in transition time and off-specification poly-
mer production when compared to the conventional strategies
used by operators. However, off-line implementation of the
nominal optimal solution is inappropriate in the presence of
the uncertainty that is typically experienced in polymeriza-
tion processes. In this study, the uncertainty is associated
with the unknown initial state of the process due to different
solvent concentration. A solution model is generated from
the nominal optimal solution, and a control superstructure is
considered to handle the possible activation of nominally-
inactive path constraints. Simple PI-type controllers are used
to implement the solution model. For two different perturba-
tion scenarios, simulation of the NCO-tracking approach
shows that considerable reduction in transition time is possi-
ble, while still guaranteeing feasible operation. The control
strategy that enforces (near) optimality under uncertainty is
simple to implement in real-time.

However, this does not come for free. Though a process
model is not used for on-line implementation, reliable mea-
surements of quality and constrained variables are necessary.
If measurements are not directly available, state estimation
may be necessary. Moreover, it was assumed that the solu-
tion (super)structure remains valid for different types of
uncertainty. When this assumption cannot be made, the prob-
lem is considerably more difficult to solve via NCO tracking.
Finally, in order to be able to handle various operational prob-
lems, the NCO-tracking approach could be best integrated in a
more general framework for dynamic optimization and control
that uses both a process model and a solution model. This is
clearly an interesting direction for future research.

Figure 10. Profiles of the polymer quality variables
obtained using NCO tracking.

Figure 11. Profiles of the state constrained variables
obtained using NCO tracking.

Table 5. Transition Times Using Different
Optimization Strategies

Case

Robust Solution
(Perturbation
Unknown)

NCO Tracking
(Perturbation
Unknown)

Ideal Solution
(Perturbation

Known)

Nominal �5 1.008 1.0
Perturbation 1

(þ20% solvent
concentration) �5 2.03 1.81

Perturbation 2
(�20% solvent
concentration) �5 0.938 0.915

Two distinct perturbations are considered, each with different initial solvent
concentration.

Figure 9. Optimal profiles of the input variables obtained
using NCO tracking.

The perturbation corresponds to a change in solvent concen-
tration, and slows down the grade transition considerably.
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Appendix — Implementation aspects

On-line controllers

Continuous-time PID-type controllers with the nominal control
(uopt) as feedforward part are used to implement on-line control

K : uðtÞ

¼ uoptðtÞ þ KðyðtÞ � yspÞ þ KI

Z t

0

ðyðtÞ � yspÞdtþ KDẏðtÞ:
(A1)

Here, y(t) is a measurement quantity with ysp as its setpoint. K,
KI and KD as its tuning parameters. Constraints on the controls
are used as part of the PID algorithm.
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Run-to-run controller

An integral controller is used to implement the run-to-run
control

R : ukþ1 ¼ uk þ Kðyk � yspÞ; for K ¼ 1; . . . ; n (A2)

u0 ¼ uopt (A3)

Here, yk is the measurement quality for run k, and K is the
tuning parameter.

Slope of molecular weight

The slope MW(t) is calculated by computing the filtered
value MW

f(t) using a first-order exponential filter

d

dt
Mf

WðtÞ ¼ ðMWðtÞ �Mf
WðtÞÞ=tf ; (A4)

where tf is the filter time constant, and approximating the
time derivative Ṁw(t) by

d
dt M

f
WðtÞ given in Eq. A4.

Prediction of final value of molecular weight

The prediction, at time t, of the final value of the molecu-
lar weight assumes that the two inlet flow rates FM,in(t) and
FC,in(t) are set right away to their final values FM,in

t4 and
FC,in
t4 . The prediction reads

Mpred
W;B ðtÞ ¼ MWðtÞ þ pṀWðtÞðmðtÞ � mBÞ (A5)

The empirical model uses measurements of MW(t), its
slope ṀW(t), and the term (m(t) � �mB). The use of the latter
term is justified by the finding that, once the two inlet flow-
rates are set at their final values in Interval Ic, the ratio
between the changes in MW and m is nearly constant, even in
the presence of uncertainty. Note that the parameter p of the
empirical model (A5) could be adapted on a run-to-run basis
using measurements from past transitions.
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